ON THE LAW OF LARGE NUMBERS FOR 
DEMAZURE MODULES OF sl 2 
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Abstract. We determine the covariance of the weight distribution in level 1 
Demazure modules of sl2- This allows us to prove a weak law of large numbers 
for these weight distributions, and leads to a conjecture about the asymptotic 
concentration of weights for arbitrary Demazure modules. 



1. Introduction 



f-H The motivation for this work is to understand the qualitative features of dimen- 

sions of weight spaces in Demazure modules V w (A) as the highest weight A is fixed 
and the length of the Weyl group element w becomes large. We want to be able to 
answer questions like: Where is the bulk of weights, counted with their individual 
multiplicities, concentrated? Do they tend to spread out or do they concentrate in 
G a certain part of the Weyl polytope? Etc. 

Even though there is a large body of work on Demazure modules, these kind 
^C) of questions are still difficult to answer. We believe that in order to answer them, 

^ one needs to look at weight distributions with a probabilistic eye, starting with the 

computation of the expected value and the covariance, possibly followed by skewness 
and kurtosis later. We determined the expected value of the weight distribution of 
any Demazure module of SI2 in [2]. The next step is to determine the covariance, 
which we complete in the present article for the modules in level 1: 

Theorem |7.1 1 Let j € {0, 1} and w G W aS such that the length l(wsj) < l(w) = N. 
Then the covariance matrix £ of the degree (— d, •) and the finite weight (a^ ,•) in 
V w (Aj) is given by 



N(N- 


l)(2JV+5) 


:) 




96 









N(N- 


l)(2JV+5) 


f £ 




96 

N 


r 4 




2 





ifN = j mod (2), 
ifN^j mod (2) . 



See |Figurc l| for some examples. Our |Theorem 7.T] is enough to obtain the weak 
law of large numbers as a corollary, to our knowledge the first result to give an idea 
about the overall weight distribution in Demazure modules as the length of the 
Weyl group element becomes large: 
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FIGURE 1. Weight distribution of V( SlSo )k(A ) for k = 5 (indicated 
by numbers) and k — 10, 15, 20 (indicated by shades of gray). The 
covariances are represented by covariance ellipses. 



Theorem 8.2. Let (A< fe )) be a sequence in {A ,Ai} ; and (to^) a sequence in W 
such that iJuP^^) — > oo. Let JjP^ £ Meas(R 2 ) be the joint distribution of the degree 
and the finite weight in V w (k) (A^), normalized to a probability distribution and 
rescaled individually in the two coordinates such that supp^^) just fits into the 
rectangle [0, 1] x [—1, 1]. Then , as k — > oo, 
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FIGURE 2. Weight distributions of V( S1S0 )* (A ) for k 
rescaled into the rectangle [0, 1] x [—1,1]. 



5,10,15,20, 



Some examples of pb^ k > are shown in Figure 2 Furthermore, based on our present 
result and Corollary 4.3] we propose the following conjecture: 



Conjecture 

such that l(w 



8.3 Fix a dominant integral weight A and a sequence (lyW) in W aS 
w ) — > oo. Let ^( fe ) € Meas(N x Z) be the joint distribution of the 
degree and the finite weight in V w (k)(A). Let jl^ G Meas(R 2 ) be the distribution 
obtained from fi^ by normalizing to a probability distribution and reseating the two 
coordinates individually so that supp(/i^ fc - ) ) just fits into the rectangle [0, 1] x [—1, 1]. 
Then, as k — > oo, 



fi 



'! < C ' A >+ 2 . nV 



where c 



a\ denotes the canonical central element. 



The outline of the proof of Theorem 7.1 and the organization of the paper is as 
follows: It is easy to show that the degree and the finite weight are uncorrelated. 
The covariance of the finite weight can be directly obtained from a known result 
by Sanderson about the real characters of Demazure modules [TU] • Hence the main 
part is about the variance of the degree distribution. The strategy is to proceed 
by induction along Demazure's character formula. In §3 we show that a single 



recursion step expresses the second moment of the degree distribution of a given 
Demazure module in terms of the third moments of the weight distribution of a 
smaller Demazure module. We try to express these third moments in terms of 
the (known) third moments of the distribution of the finite weight, but succeed 
not quite (Proposition 3.1). In §4 we show that the weight multiplicities are 



symmetric in each string of weights differing only by a multiple of the null root S 



(Lemma 4.1 ). We use this in §5 to show that the covariance between two specific 
quadratic functions vanishes (Corollary 5.4). This allows us to explicitly compute 
the previously problematic third moments (Lemma 5.5). This yields an explicit 



(Conjecture 8.3) 



recurrence relation of a purely additive nature (Lemma 6.2), which is easy to solve 
(Corollary 6.3). We complement our result in 
matrix (Theorem 7.1). In 



7 by determining the full covariance 



8 we deduce a weak law of large numbers for our 



Demazure modules (Theorem 8.2) and formulate a conjecture for the general case 
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2. Notation 

For general notation about Kac-Moody algebras we mostly follow Kac [JJ- Let [) 
be a 3-dimensional complex vector space and Oq , a\ £ f), ao, «i £ f)* a realization of 
the generalized Cartan matrix A= (_ 2 j ). Let 5(2 = 0(-A) be the associated afhne 
Lie algebra. We denote the canonical pairing between [) and f)* by (h,a) = a(h). 
Choose del) such that (d, a ) = 1 and (d, a\) =0. Such an element d is called a 
scaling element. The degree of A S f)* is defined as (— d, A). The set {aQ,ay,d} is a 
basis of f). Let {A , Ai, 6} be the corresponding dual basis of h*. Then S ~ a + a 1} 
and Ao, Ai are called fundamental weights. 

Integrable highest weight modules of 5I2 are parametrized up to isomorphism by 
dominant integral weights 

A = mA + nAi + z<5 

for m, n € N and z G C. We denote the integrable highest weight module corre- 
sponding to A by V(A). As a change in z simply corresponds to the choice of a 
different scaling element d £ f), it is customary to suppose z = and only consider 
dominant integral weights of the form A = mA + nAi , which we do from now on. 

Let c = chq + a\ be the canonical central element. The level of a weight A £ f)* 
is defined as (c, A). If A = mA + nA\, then its level is (c, A) = m + n. Hence the 
dominant integral weights of level 1 are exactly the fundamental weights Ao, Ai. 

A weight A G ()* is said to occur in a given integrable highest weight module 
V(A) if the weight space V^(A)^ is nontrivial. The set of weights occuring in V(A) 
is contained in the (affine) lattice 

T = A + Za + Zatx. 

We define coordinates a, b on F by 

A = A — a(A)ao — b(X)a± 



for all A e F. Note that a, b depend on A. In Figure ] each matrix component 
resp. pixel represents a point in T. We write Tj = Aj + Zao + Za\ for j £ {0, 1} to 
refer to the two lattices corresponding to the fundamental weights. 
For j £ {0, 1} define linear maps Sj : t)* f)* by 

SjW = A - {a],X)aj. 

The Weyl group W aS of is by definition the subgroup of GL(f)*) generated by 
so and s\. All elements of W aS have the form 

w N ,o = ■ ■ ■ SqSxSq or w Ni x ■ 

N factors 

for N > 0. We abbreviate u>n — wn.o, as these are the elements we will mostly 
discuss. Write l(w) for the length of a reduced decomposition of w £ W , so 
l(w Nlj ) = N. ^ 

Let n + C 5(2 be the sum of the positive root spaces. For w £ W aS and A a 
dominant integral weight, define the Demazure module V^,(A) [3.5, 8J to be the 



1 Thc software used to produce most of the figures in this article is available at http:/ /sourceforge 
|net / projects / demazure] 
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(fj © n+)-module generated by V(A) w a. As V w (A) is in particular an f)-module, it 
has a weight space decomposition 

V W (A) = V w (A)x. 
\et>' 

Let Meas c (r) denote the set of measures on V with compact (hence finite) support. 
We define the weight distribution of V WN . (A) to be 

m,i = dim (^'iv. 3 ( A )A) • e Meas c (r) 

and again abbreviate /ijv = Mw,o for the case mostly considered. Note that the 
dependence on A is important, but only implicit in the notation. 

Given A, define operators D , Di on the space Meas^(r) of signed measures on 
r with compact support by 

i=0 

for j 6 {0, 1} and A € V. Here we use the conventions that ^2~2q a i — and 
2j=o a i = — ^2d=k+i Oi for A; < — 1, hence the necessity to consider signed measures. 
Demazure's character formula for Kac-Moody algebras |5j |8] states that 

Hn,o =^_DoDiDqS a and /j^ = ■ ■ ■ £>i£> £>i 5 A . 

N factors N factors 

Consider elements of f) as functions on f)*. We refer to the push- forward measure 
(—d)*/j,]srj as the degree distribution, and to (a{ as the distribution of the 

finite weight of V WN (A). Note that in terms of the coordinates a, b we have that 
as functions on I\ 

. A v f-2(o-6) if J = 0, 

—a = a ana a, = < 

[-2(a-6) + l if .7 = 1. 

Hence the degree distribution is a*^tjv,j) & n d the distribution of the finite weight is 
(a — &) * Mjv,j up to translation and scaling. 

Recall that the expected value of a function / : T — > R with respect to a nonzero 
measure fj, € Meas c (r) is 

e ^/] = -^£M{a})/(a). 

The covariance of two functions / and g is 

Cav^g) = E„[(/ - E M [/])( 5 - E„ [«?])], 
and the variance of / is Var M (/) = Cov Al (/, /). 

3. Almost a recursion formula 

The characters of Demazure modules for the highest weight Ai are easily obtained 
from the ones for highest weight Ao by symmetry of the Dynkin diagram, so we 
start by only discussing the latter. As V^ 1 (Aq) = C we only need to consider Weyl 
group elements of the form — ■ ■ ■ s Sis (N factors). 
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Proposition 3.1. Let be the weight distribution of the Demazure module 
V WN (A ). Then, 

N(N 2 + N + 2) 
~16 



E MJV+1 [a 2 ] = E MJV [a 2 ] + J a ' ' + 2 Cov M „ (6, (a - b) 2 ) for odd N, 



E„,, , [Ir] = E rN [b 2 } + N2 ^ 6 +1) + 2C'ov /(A in. la ■ ■ l,r ) for , n n X. 



Proof. We only consider the case of odd N, the other case being similar. Then 
fJ'N+i = DiHn = DiDatiN-i- We will use Sanderson's formula for the real character 
of a Demazure module |10| , which implies that the distribution of a — b with respect 
to [i n is given by 

(3.1) (a-b+ ?*f±)^ N =2 N B(N,l), 

where B(N, |) is the binomial distribution for N trials with success probability |. 
By unwinding Demazure's character formula |2] Lemma 3.6], we obtain 

E„ „ , , [a 2 ] = gg£L (2 E MJV [a 2 ] + 2 Cov MJV (a 2 , a- b) 



MJv+i(r) 



As 77^r~7rT = I by (p| 



= E MJV [a 2 ] + Cov MJV ((a - b) 2 + 2ab-b 2 ,a-b) 

= E MJV [a 2 ] + Cov MJV ((a - 6) 2 , a - 6) +2 Cov MJV (a£>, a-b) + Cov MJV (6 2 , a - b) 



From (3.1) it is straightforward to show that An = Note that the symmetry 
of /j, at gives 

(3.2) C N = Cov MJV (6 2 ,a-6) = 0, 



which is a straightforward generalization of [2, Lemma 3.7] (our Proposition 5.2 



below contains a general formulation of this phenomenon) . Finally, for Bn , write 
B N = Cov m (ab, a-b) = E MJV [ab(a - b)] - E MJV [ab] E MJV [a - b}. 



Then 



E MJV [ab(a - b)} = E MJV [((a - 6) + 6)6(a - 6)] 



E^[(a-6) 2 6]+E m [6 2 (a-6)] 



and 



yield 



r [(a-b) 2 b]+E^[b 2 ]E^[a-b], 



E MJV [at] E MJV [a - b] = E MJV [((a - 6) + b)b] E MJV [a - b] 

= (E IMN [(a-b)b]+E m [b 2 ])E m [a-b] 

[a - 6] ■ E MJV [6] + E MJV [& 2 ]) E m [a - 6] 
= E MJV [a-b] 2 - E MN [6] + E PJV [b 2 ] E MJV [a - 6] 

B N = E^ N [(a - b) 2 b] - E^ N [a - b} 2 E^ N [b] 
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= Var MJV (a - b) E MJV [6] + Cov PN (6, (a - bf). 

' w - i » w + 2 ' by m 



f by {31} 

Substituting ^4^, _Bjv, Cat above yields the proposition. 



□ 



4. PALINDROMICITY OF THE STRING FUNCTIONS 

Let us describe a symmetry property of level 1 Demazure modules, which is 
crucial for us. 

Lemma 4.1. Let A 6 Ao + Zq?o + Zai. TTien 

dimK, JV (A ) A = dimK, JV (A ) A _ S (A r ,A)'5' 



whe 



S(N,X) 



\N 2 + (a-6) 2 (A) -2a(A) if N is even, 

\{N 2 - 1) + (a - 6) 2 (A) - (a - b)(A)' i/iV is orfrf. 



Proof. Recall the definition of the bivariate Macdonald polynomials P v {z\, z 2 ; q, t) € 
Q(q,t)[zi, Z2] S2 , where v is a partition into at most 2 parts (see Chapter VI]). 
We only use the specializations P v (z, z -1 ; q, 0) G Q[z , 5 ]• If i> is the one row 
partition v = (N, 0) , then [TTJ Theorem 6 and Theorem 7] gives 



(4.1) 



ch(K, JV (Ao)) = e An -Ll^ 2 J^.p iy ( e ^ 1 



;e°,0). 



For N > k > and j G {0, . . . , fc(iV — k)} let Sjv,fc,i denote the number of lattice 
paths in Z 2 from (0,0) to (fc, N — k), where each segment of the path is either 
(1, 0) or (0, 1), and such that the area under the path is i. As explained in [9], the 
Gaussian binomial coefficient with parameters N , k in a variable q is 



k(N-k) 

£ 

i=0 



SN,k,iq 



By m (3.4)] 
(4.2) 



JY 



P u (z,z- 1 ;q,0) = V" 



fc=0 



„2fe-iV 



Combining (4.1) and (4.2) we obtain 

(4.3) ch(y u)JV (Ao)) = e Ao -L^ 2 J^. 



JV 

E 

fc=0 



„(2*-JV)iai 



By considering the point reflection in (|, ), it follows immediately from 
the above description that the Gaussian binomial coefficients are palindromic, 

[k]q 



_ gfc(JV fe) jtstj ^ an j our i emma f n ows by straightforward computation. □ 



5. The stretching trick 

We want to establish a proper recurrence relation based on the equations described 
in proposition 3.1] This section describes how the palindromicity of the string 
functions allows us to compute the values of Cav^ lN (; (a—b) 2 ) at b and a, respectively. 

The following two propositions follow directly from the definitions. 
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FIGURE 3. Weight distribution fi 6 of V We (A ) = V( SlSD )3 (A ) and 
the parabola of the string symmetry points. 

Proposition 5.1. Let /i 6 Meas(R 2 ). Let X,Y : R 2 — > R 6e the projection 
on the first and second component, respectively. Let q : R 2 — > R 2 be given by 
q(x,y) = (x 2 ,y). Then 

Cov^(X 2 ,Y)=Cov q ^(X,Y). 

By saying that s : R 2 — > R 2 is a reflection at Hi along H 2 we mean that Hi is 
the 1-eigen space and H 2 is the (— l)-eigen space of s. A measure /1 € Meas(R 2 ) is 
said to be symmetric with respect to s if s*/x = /i. 

Proposition 5.2. Ze< X, Y" : R 2 — > R 6e i/ie projection on the first and second 
component, respectively. Let ^ G Meas(R 2 ) 6e symmetric at {Y = 0} along {X = 0}. 
Tften Cov M (X,F) = 0. 

Now we are ready to exploit the symmetry of the string functions associated with 
the Demazure module ^^(Ao). 

Lemma 5.3. Let /ijv be the weight distribution of the Demazure module ^^(Ao) 
supported on the lattice Tq = Aq + Zao + Zai . Define coordinates X, Y : Tq — > R 
as follows: Let 

\a-b-\ if N is odd, _ jb - if N is odd, 

I a — b if N is even, I a — if N is even. 

Let q : T T swc/i i/iaf X(g(A)) = X(A) 2 and Y(q(X)) 
Then 



Y(X) for all X e T . 



Cov, 



(X - 2Y,X) = 0. 



While reading the proof, sec Figure 3| and [4] for an illustration. 
Proof. If N is odd, then by |Lcmma 4.1| the strings in /i^r are symmetric around 

b=\(\{N 2 -l) + {a-bY-{a-b) 
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Figure 4. Stretched weight distribution q*/i 6 of V Wf .(Ao) 
V( SlSo )3(Ao) and the line of the string symmetry points. 



-Ki^-'w-'-iJ'-i 

_ | (J v- j> + !(.- »-!)». 

In other words, they are symmetric around Y — \X 2 . If N is even, then by 
|Lemma 4.1| the strings in //jy ar e symmetric around 



, N A + (a-bY } = -N z + -(a-bY. 
2 V4 V 'J 8 2 V 7 

In other words, they are symmetric around Y = \X 2 . In both cases, the string 
midpoints in fi^ are (x, \x 2 ) in coordinates X, Y, so the string midpoints in q*fiN 
are 2 ). Hence q*/ijv is symmetric at {X — 2Y = 0} along {X=0}. The lemma 

follows by proposition 5^2 □ 



By formulating Lemma 5.3 in terms of the weight distribution of V^ N (Ao) via 



Proposition 5.1 we obtain: 



Corollary 5.4. Let /in be the weight distribution of the Demazure module V^^Ao). 
If N is odd, then 

Cov„ N {{a - b) 2 - (a - b) - 2b, {a - b) 2 - (a - b)) = 0. 

If N is even, then 

Cov AtN ((a-6) 2 -2a, {a - b) 2 ) = 0. 

Consequently we can now determine the values of Cov^ (•, (a — b) 2 ) at b and a, 
respectively: 
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Lemma 5.5. Let /Ltjv be the weight distribution of the Demazure module V Wn (Aq). 
Then. 

N(N - 1) _ J Cov pjv (6, (a - 6) 2 ) i/ N is odd, 
16 1 Cov Mjv (a, (a — fo) 2 ) if N is even. 

Proof. By |Corollary 5.4| we obtain for odd N 

Cov w (b, (a - b) 2 ) = l - ( Var MN ((a - 6) 2 ) - 2 Cov MJV ((a - 6) 2 , a - 6) 
+ Var MJV (a - b) + 2 Cov MJV (6, a - 6)) , 

and for even N 

1 -Cov, lN ((a-b) 2 ,(a-b) 2 )= 1 - 

We know the values on the right-hand sides of both equations. Let us recollect them 
in either case. If N is odd, we know by [H Lemma 3.7] that Cov AIJV (6,a — b) = 0, 



Cov^ (a, (a - 6) 2 ) = - Cov w ((a - &) 2 , (a - 6) 2 ) = - Var^ ((a - 6) 2 ). 



and from (3.1 ) one can deduce 



Cov tlN ((a-b) 2 ,a-b) = ^ and Var MJV (a - b) = ^. 



Hence, 



„ , , n9n l/MAT + l) N N \ N(N-l) 

Cov UM (b, (a - b) 2 ) = - — — -2— + 2-0 = — ^ '-. 

p»V.V I ' 2\ 8 4 4 J 16 



If N is even, we again apply (3.1 1 to derive 



Var^-6) 2 )^^^. 



6. Variance of the degree distribution 
[Proposition 3.l| and |Lcmma 5.5] immediately give: 

Lemma 6.1 (Recurrence relations). Let fj,j\f be the weight distribution of the De- 
mazure module V^^Ao). Then. 

N 2 (N + 3) 

TfT 



e m« +1 [a 2 ] = e m« [a 2 ] + if N is odd, 



E, N+1 [b 2 ] = E, N [b 2 ] + N ( N2 + ™ 2 ) if N , s even . 

In order to resolve the recurrence relations, we need to switch between the 
coordinates a and b depending on the parity of N. Therefore, the following version 
of |Lcmma 6.1| is more practical. 

Lemma 6.2 (Modified recurrence relations). Let /ijv be the weight distribution of 
the Demazure module V Wn (Aq). Then, 

,2i_i, r, 2l , N(N + 2)(N + 3) 
16 



e p« + i [a I = E ^iv [b } H 7^ V N is odd, 



e, n+1 m = E m la 2 ] + m±m+*> if N is even . 
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Proof. Write a 2 — b 2 — (a — b) (a + b) and consider 

Cov flN {a-b,a + b)= [a 2 - b 2 } - E MJV [a - b] E MJV [a + b]. 
For odd N we obtain 
E MAr [a 2 ] = E MJV [b 2 ] + Cov^ (a - 6, a) + Cov MJV (a - 6, b) + E MJV [a - b] E MJV [a + 6] 



by [21 Lemma 3.7, Theorem 4.1], and hence 
F r„2!_ F r fe2l , ^ + 3) JV 2 (iV + 3) _ 2 JV(JV + 2)(jV + 3) 

For even iV one similarly derives E MJV [& 2 ] = E MJV [a 2 ] + x; an d consequently 



a TV jV(jV 2 + 3jV-2) _ jV(jV+l)(jV + 2) 
E MJV+1 [b \ - E MJV [a j + — H — - E MJV [a j H — . U 



The (modified) recurrence relations give: 

Corollary 6.3. Let /in be the weight distribution of the Demazure module V wn (Aq). 
Then, for N > 1 we have 

N(N - l)(2JV + 5) _ fVar AIN (a) if N is even, 
96 ~ |Var MJV (6) if N is odd. 

Proof. Solving the modified recurrence relations in [Lemma 6. 2| yields 

K—i — — 1 

E M « [a 2 ] = 7^ E 2l ^ 1 + !)( 2i + 2 ) + ^ E & + W 2 * + 3 ^ 2t + 4 ) 

_ N(3N 3 + ION 2 + 9N - 10) 
~ 192 
for even N, and 

N-l N-3 

e mn m = ^ E 2 ^ 2t + x )( 2i + 2 ) + ^ E + !)( 2< + 3 )( 2i + 4 ) 

»=o i=o 
_ (N - 1)(3N 3 + 137V 2 + 107V - 12) 
192 

for odd N. Hence, for even N we get 

Var^ (a) = [a 2 ] - E MJV [a] 2 
iV(37V 3 + lOiV 2 



192 

N(N- l)(2iV + 5) 



+ 97V -10) /N(N+1)Y 



96 

Similarly, for odd N, 

Var MN (6) = E AlJV [6 2 ]-E MN [6] 2 
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_ (N- 1)(3N 3 + 13N 2 + ION- 12) / (N — 1)(N + 2)\ 2 
~ 192 ^ 8 J 

_ N{N- l)(2iV + 5) 
" 96 ' 

7. COVARIANCE OF THE WEIGHT DISTRIBUTION 



□ 



For a distribution /i <E Meas c (Z 2 ) and coordinates X, Y : Z 2 — > Z we define the 
covariance matrix of X and Y with respect to /i to be the 2x2 matrix 

(Cov^X^X) Co V/1 (X,Y) N 

ycov^x) cov M (y,y) 

Theorem 7.1 (Covariance of the weight distribution). Let j € {0, 1} and w G W aS 

such that the length l(wsj) < l(w) — N. Then the covariance matrix E of the degree 
(~d,-) and the finite weight (o^,-) in V w (Aj) is given by 



E = < 



N(N- 


l)(2iV+5) 


:) 




96 









N(N- 


l)(2JV+5) 


f K 




96 

N 


r 4 




2 





ifN = j mod (2), 
z/TV^^ mod (2). 



Proof. We hrst consider the case that N = j mod (2). The variance of the finite 



weight follows by (3.1 1, and the fact that degree and finite weight are uncorrelated 
follows from the symmetry of the weight distribution. The variance of the degree is 
given by |Corollary 6.3| where for odd N we use the nontrivial automorphism of the 
Dynkin diagram so switch from V WN D (Ao) to V WN ^Ai). 

As V WN (Ao) corresponds to V WN under the nontrivial automorphism of the 

Dynkin diagram, the result for N ^ j mod (2) follows by a change of coordinates. 

□ 

For visualization purposes, it is convenient to represent the covariance matrix by 
the associated covariance ellipse, defined as follows: Let p be a measure on R 2 
with nondegenerate covariance matrix E. Then the covariance ellipse of E is 

5 M = {x E R 2 : ^E^a; = 1}. 



In Figure 1 the covariance ellipses have been translated to be centered at the 



expected weight. 

8. Law of large numbers 

We write vjq — v if the sequence of measures vn converges weakly to v as 
N — > oo. We will use the following abstract version of the weak law of large numbers, 
which can be derived from Chebychev's inequality (see e.g. [TJ (5.32)]). 

Proposition 8.1. Let (Pjv) be a sequence of probability distributions on R such 
that E[P N ] -> c e R and Var(P N ) -> 0. Then, P N S c . 

Finally, 

Theorem 8.2 (Weak law of large numbers). Let (A^) be a sequence in {Ao,Ai}, 
and (w^) a sequence in W aS such that l(w^) —> oo. Let fi^ € Meas(R 2 ) be the 
joint distribution of the degree and the finite weight in V w (k) {A^ ) ; normalized to a 
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probability distribution and reseated individually in the two coordinates such that 
supp(/i( fc )) just fits into the rectangle [0, 1] x [—1, 1]. Then , as k — > oo. 



%o)- 



See |Figure 2| and [5] for an illustration. 



Proof. Let G Meas(f)*) be the weight distribution of V w {k)(A^), and /t^ = 
(— d, cxq )*/i ( - fc - ) <E Meas(N x Z) the joint distribution of the degree and the finite 
weight. We only consider the sequences A^ fe ^ = A and w^ k > = u>2fc,o = (siSo)'\ as 
the general case follows easily with small modifications. Then 

max{(-d, A) : V (siSo) k(A )x ^ 0} = fc 2 , 
max{|(o^, A) | : V {siSo) k(A ) x ^ 0} = k, 

by [H Lemma 4.2]. Hence, py*> is the joint distribution of —-^zd and \a\ with 
respect to normalized to a probability distribution. By ^ Theorem 4.5] and 
|Corollary 6.3| we have 



E„ 



-A 



-d] 



1 fc(2fe + l) 
¥ 4 



1 

2' 



Vax ju(fc )(-- i d) = — Vax MW (-d) = 



AT(iV- l)(2AT + 5) 



By 



Proposition 8.1 



fc 4 



fc 4 



!)() 



Similarly, (ic^),/^ 



-> 0. 

> (5 , since 



Var M ( fc ) (^"i ) = Ta Var M (*)(ai) = 7^ • 2fc — 0. 



□ 
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Table 1. Conjectural variance of the degree Var Mjv (— d) in the 
Demazure module V( SlSo )* (mAo), which is obtained by interpolating 
values for explicit N — 2k. Comparison with the scaling factor for 
the degree (see [21 Lemma 4.2]) shows that the law of large numbers 
holds. 



Var^l-rf) I max{(-rf, A) : V {siSo)k (mA ) x ^ 0} 





-1)(4JV+11) 




81 


N(N- 


-l)(34Ar+97) 




384 


AT(JV— 


l)(52Af+151) 


375 



\n 2 



3^2 



N 2 



Let us propose a conjecture about such a concentration in general Demazure 
modules V W (A) with analogously normalized and scaled weight distribution p, w 
By [H Corollary 4.3] we know that 



3((c,A) + l) 



Consequently, 



Conjecture 8.3. Fix a dominant integral weight A and a sequence (w^) in W aS 
such that l(w^) — > oo. Let /i^ £ Meas(N x Z) be the joint distribution of the 
degree and the finite weight in V w (k)(A). Let fi^ 6 Mcas(R 2 ) be the distribution 
obtained from fj,^ by normalizing to a probability distribution and rescaling the two 
coordinates individually so that supp(/2 ( - fc ' ) ) just fits into the rectangle [0, 1] x [—1, 1]. 
Then, as k — > oo, 

~(k) w c 

U({c,A>+l) > U J 

where c = -\- a\ denotes the canonical central element. 

This conjecture is further supported by empirical evidence, see |Tablc 1| Yet the 
symmetry property described in [§4] does not hold for higher level Demazure modules. 



Therefore, the methods employed in this article, in particular §5 , do not seem to 
generalize to this case. 
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